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Abstract 
It will be shown that any two triangulations of a closed surface can be transformed into each 
other by flipping diagonals in quadrilaterals if they have a sufficiently large and equal number 
of vertices. 
0. Introduction 
A triangulation G of a closed surface F2 is a simple graph, without loops and 
multiple edges, which is embedded on F2 so that each face is triangular and that any 
two faces meet along at most one edge. Let abc and acd be two triangular faces of 
G which have an edge UC in common. The diagonalflip of ac is to replace the diagonal 
UC with bd in the quadrilateral abed (see Fig. 1). We do not carry out this diagonal flip, 
not to make multiple edges, if there is an edge bd in G. Two triangulations G and G’ 
are said to be equivalent to each other (under diagonal flips) if they can be transformed 
into each other, up to homeomorphism, by a finite sequence of diagonal flips. 
Classically, Wagner [9] proved that any two triangulations of the sphere are 
equivalent to each other if they have the same number of vertices. Also Dewdney [2], 
Negami and Watanabe [4] have shown the same facts for the triangulations of the 
torus, the projective plane and the Klein bottle. This seems not to hold for other 
surfaces in general, but we shall prove that this is true if triangulations has sufficiently 
many vertices as follows: 
Theorem 1. For any closed surface F 2, there exists a positive integer N such that two 
triangulations G and G’ of F2 are equivalent to each other under diagonal jlips if 
It’(G)l=IV(G’)l>N. 
For example, the numbers N are equal to 4,6, 7 and 8 for the sphere, the projective 
plane, the torus and the Klein bottle respectively, and they coincide with the number 
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Fig. 1. Diagonal flip. 
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Fig. 2. Contracting an edge. 
of the vertices of the smallest triangulation of each. The latter have been already 
determined for other surfaces in general in [6] and [7] and they are attained by 
complete graphs or graphs nearly complete. Note that no edge in a complete graph 
can be flipped, and hence if there are inequivalent triangular embeddings of a com- 
plete graph, then they will give inequivalent triangulations under diagonal flips. 
1. Contraction of triangulations 
Let G be a triangulation of a closed surface FZ and UC an edge of G. Contraction of 
ac is to deform G by shrinking ac and eliminating the two trianglar faces which meet 
ac, as in Fig. 2. The edge UC is said to be contractible if the result of its contraction, 
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denoted by G/at, is a triangulation of F2. When G is not isomorphic to K, on the 
sphere, an edge UC is contractible if and only if the only common neighbors of a and 
c are b and d. If they have another common neighbor x, then acx forms a triangle in 
G which does not bound a face and two edges ax and cx will be multiple edges in G/at. 
Lemma 2. Let G be a triangulation of a closed surface F2, not isomorphic to K,. ifthere 
is a 2-cell region on F2 which is bounded by a triangle ofG but is not a face, then there is 
a contractible edge of G in the 2-cell. 
Proof. Let A be a 2-cell region on F2 which is bounded by a triangle dA of G but is not 
a face and suppose that A is an innermost one among such 2-cell regions. That is, 
d contains no such triangular region. Then there is no triangle which passes through 
an edge inside A and a vertex outside A. Thus, if an edge inside A were contained in 
a triangle not bounding a face, then the triangle would be inside A and would bound 
a 2-cell, contrary to A being innermost. Therefore, each edge inside A is contractible 
unless GrK,. C! 
A triangulation G is said to be contractible to another triangulation T if G can be 
deformed into T by contracting edges, and is called an irreducible triangulation of F2 if 
G is not contractible to any other triangulation of F2. It is clear that any triangulation 
is contractible to one of irreducible triangulations and that a triangulation is irredu- 
cible if and only if it has no contractible edge. 
It follows immediately from Lemma 2 that the only irreducible triangulation of the 
sphere is the tetrahedron K4. Barnette [l] and Lawrenchenko [3] have classified the 
irreducible triangulations of the projective plane and of the torus, respectively, which 
are precisely 2 and 21 in number. If we have the complete list of irreducible triangula- 
tions of a given closed surface F2, Theorem 1 for F2 will be proved in a very concrete 
way. We however need theoretically only the finiteness of the number of irreducible 
triangulations of F2. To show the finiteness, we shall use the affirmative solution of 
Wagner’s conjecture proved by Robertson and Seymour [S], but it might be possible 
to show it only by elementary methods. 
Lemma 3. Every edge of an irreducible triangulation Tofu closed surface F2, except the 
sphere, lies on an essential triangle of T, that is, a cycle of length 3 which bounds no 2-cell 
in F2. 
Proof. Every edge of T is contained in three triangles, two of which bound faces. If the 
third one bounded a 2-cell, then there would be a contractible edge in the 2-cell, by 
Lemma 2, a contradiction. 0 
Theorem 4. There exist only finitely many irreducible triangulations of any closed 
surface. 
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Fig. 3. The standard spherical triangulation A,,, (WI = 3) 
Proof. First, we shall show that any two irreducible triangulations are not minor to 
each other, that is, one cannot be obtained from the other by deletion and contraction 
of edges. (This ‘contraction’ is different from ours defined above.) Let T, T’ be two 
irreducible triangulations of F2 and suppose that T is a minor of T’. Then there is at 
least one edge UC of T’ which should be contracted to get T. 
By Lemma 3, UC lies on an essential triangle acx in T’ and T’/ac admits an essential 
closed curve r on F 2 which meets T’/uc in only two vertices a = c and x along multiple 
edges ax, cx. Since r does not cross any edge, r also meets T in two vertices after 
contracting and deleting edges of T’. Then r is contained in a union of two faces which 
have two vertices a, x in common. Since each Face of T is triangular, this implies that 
T had multiple edges between a and x, contrary to T being a simple graph. Thus, 
T cannot be a minor of any other irreducible triangulation of F2. 
Now we use Wagner’s conjecture, which states that every infinite sequence of 
graphs includes a pair of graphs one of which is a minor of the other. Suppose that 
there were infinitely many irreducible triangulations of F2. Then there is a pair of 
those, say Tand T’, such that T is a minor of T’. It is however impossible as is shown 
above. Therefore, the number of irreducible triangulations is finite For any closed 
surface. 0 
Let A,,, denote the standard spherical triangulation with m + 3 vertices, as given in 
Fig. 3. Then any triangulation G of the sphere with m + 3 vertices is equivalent to, A, 
under diagonal flips. Moreover, we can choose any Face of G as the ‘infinite’ region and 
deform G into A,,,, not touching the three edges of the chosen Face, as shown in [S]. 
Thus, if there is a triangle A bounding a 2-cell but not a face of a triangulation G, we 
can deform the inside of A into A,,, by only diagonal flips inside A. 
Let T be a triangulation and A a Face of T. We denote by T+ A,,, the triangulation 
obtained From T by adding A, to A. This notation T+ A, is ambiguous because we 
can make different triangulations, adding A,,, to different Faces. They are however 
equivalent to each other under diagonal flips. By Lemma 5 in [4], any vertex of degree 
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3 can be moved to any place by diagonal flips. Since A,,, can be reduced to A,,,_ 1 and 
hence to a triangle with no vertex inside by deleting vertices of degree 3 one by one, we 
can move all the vertex inside A to another face A’ to be A,,,. In particular, T+ A,, 
should be T itself. 
If there is a unique equivalence class of triangulations of FZ with the same number 
of vertices under diagonal flips, then any triangulation G in the equivalence class must 
be deformed into T+ A,,, for a minimal triangulation T, that is, a triangulation of F2 
with the fewest vertices. This fact has been shown for the torus in [2] and for the 
projective plane and the Klein bottle in [4]. 
Lemma 5 is a key lemma for the proof in [4]. If every triangulation, not minimal, 
could be transformed into one which has a vertex of degree 3, we could show that any 
two triangulations with the same number of vertices are equivalent, by induction 
using this lemma. It is hardly possible to conclude such an assumption in general. 
Lemma 5 is, however, useful for us: 
Lemma 5. Let G and G’ be two triangulations of a closed surface F2 and let WV(G) and 
V’E V(G’) be vertices of degree 3. If G - v and G’ -v’ are equivalent to each other, then so 
are G and G’. 
The following lemma is the most important to prove Theorem 1. 
Lemma 6. Let G and T be two triangulations of a closed surface F2. If G is contractible 
to T, then G is equivalent to T+ A, with m = 1 V(G)1 - 1 V(T)/. 
Proof. Let G=GO, G,,... , Gk= T be a sequence of contractions and we use 
induction on the length k of this sequence. Suppose that Gi can be obtained 
from G by contracting an edge uv and let v, v 1, _ . , v, be the neighbors of u in G lying 
around u clockwise in this order. If deg u = n + 1 > 3, then v,_ r and v are not adjacent 
in G. Otherwise, there would be multiple edges in G/uv. So we can flip uv, to 
V”_~V. 
After flipping uv, _ 1, . . . , uv3 with the same arguments, u is adjacent to only v, ul and 
v2 while all of vl, _.. , v, are adjacent to v. Thus, the resulting triangulation with 
u removed is isomorphic to G, and hence G is equivalent to Gi + d i. By our induction 
hypothesis, G, is equivalent to T+ Ak_, under diagonal flips. Since these can be 
obtained from G1 + A, and T+ Ak by deleting a vertex of degree 3, respectively, 
Gi + AI is equivalent to T+ Ak by Lemma 5, and hence so is G. 0 
Theorem 7. Two triangulations of a closed surface with the same number of vertices are 
equivalent under diagonaljips ifthey can be transformed into a common triangulation by 
diagonal flips and contraction of edges. 
Proof. Let G=Go, Gi, . . . , G, = T be a sequence of triangulations such that Gi can be 
obtained from Gi _ t (i = 1, . . . , n) by either a diagonal flip or contracting an edge. We 
230 S. Negami i Discrete Mathematics 135 (1994) 225-232 
shall show inductively that G is equivalent to T+ d, under diagonal flips. This implies 
that any two triangulations which can be deformed into T by diagonal flips and 
contracting edges are equivalent under diagonal flips to each other via T+ A,,,. 
Suppose that Gi is equivalent to T+ A,,. Especially if i=n, this assumption holds 
with m, = 0. When Gi can be obtained from Gi _ 1 by a diagonal flip, Gi_ 1 is obviously 
equivalent to T+ A,,,, ~, with mi_l=mi. When Gi can be obtained from Gi_1 by 
contracting an edge, Gi- 1 is equivalent to Gi+ Al by Lemma 6. Since Gi is equivalent 
to T+Amr, Gi + Al is equivalent to T+ A,, _ I with mi_l=mi+l by Lemma5 and 
hence so is Gi- 1. Repeating these arguments, we can conclude that Go is equivalent 
to T+A,,. •! 
A triangulation is said to be pseudo-minimal in [4] if it cannot be transformed, by 
diagonal flips, into a triangulation which has a vertex of degree 3. By Lemma 6, any 
pseudo-minimal triangulation has to be irreducible and if an equivalence class under 
diagonal flips includes one pseudo-minimal triangulation, then all the other members 
in this class also are pseudo-minimal. Theorem 7 implies that the number of equiva- 
lence classes of triangulations of a closed surface F2 with precisely n vertices under 
diagonal flips does not exceed the number of equivalence classes of pseudo-minimal 
irreducible triangulations of F* with at most II vertices under diagonal flips. However, 
the former will be 1 and not equal to the latter in general if n is sufficiently large, by 
Theorem 1 proved later. 
2. Stable equivalence 
In this paper, a triangulation G is treated as a graph embedded in a closed 
surface F 2, so a subdivision of G is obtained from G only by inserting vertices 
of degree 2 along several edges. On the other hand, a refinement of G is a triangulation 
of F2 which contains a subdivision of G. This is the same one as is defined in 
topology. 
Lemma 8. Any rejnement G of a triangulation T is contractible to T. 
Proof. First suppose that there is an edge e of T which is subdivided to be a path P of 
length at least 2 in G. Let A and B be the two triangular regions on the surface F2 
corresponding to the two faces of T which meet each other along e and let ac be an 
edge of G on P. If ac is contractible, we contract it and get a new refinement of T with 
fewer faces. Otherwise, there is a triangle acx in G which does not bound a face of G. 
Since a and c cannot have a common neighbor outside AuB, the triangle acx has to be 
contained in AuB and hence it bounds a 2-cell. By Lemma 2, we can find a contrac- 
tible edge UC’ of G inside the 2-cell. Since at least one of u and v does not lie on the 
subdivided T, the contraction of uu yields another refinement of T which is smaller 
than G. 
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Repeating this argument and contracting edges, we can transform G into a refine- 
ment G’ of T which contains T, not subdivided, as its subgraph. By Lemma 2 again, 
we can find contractible edges inside each triangular face of T if it contains some 
vertices of G’. Therefore, we can carry out contraction of edges as far as G # T, keeping 
G to be a refinement of T. 0 
Two triangulations G1 and G2 of a closed surface Fz are said to be stably equivalent 
under diagonal flips if there are two integer ml and m2 such that G, + A,,,, and 
Gz + A,,,* are equivalent under diagonal flips. Here they are not assumed to have the 
same number of vertices and we have 1 V(G,)I + m, = ( V(G,)j + m2. By Lemma 5, if 
G1 + A,,,, and Gz + A,_ are equivalent, then Gr + A(,,,, +kj and Gz + AC,,+kj are equiva- 
lent for any positive integer k. 
Theorem 9. Any two triangulations of a closed surface are stably equivalent to each 
other under diagonal fiips. 
Proof. Any two triangulations G, and Gz of a closed surface F2 have a common 
refinement G, which is given by drawing G1 and G2 together on F2 and subdividing 
regions of GluG2 to be triangular. By Lemmas 6 and 8, G is equivalent to both of 
Gr+A,,,, and G2+A,2, where mi=l V(G)1 -I V(Gi)I. Thus, Gi +A,,,, is equivalent to 
G2 + A,, via G. 0 
Now we have prepared all we need to prove Theorem 1. 
Proof of Theorem 1. Let T,, . . . , T, be all the irreducible triangulations of a closed 
surface F2, which are finite in number by Theorem 4. By Theorem 9, all of 7;:‘s are 
stably equivalent to one another. In particular, there is an integer N such that for any 
i and j, 7;+ A,i and Tj+ A,j are equivalent and have precisely N vertices (N = 
I V(T)l+mi). 
Let G be any triangulation of F2 with at least N vertices. Since G is contractible to 
one of T,, . . . . T,, say T,, G is equivalent to T,+A,, with m’=IV(G)(-IV(T,)I by 
Lemma 6. Since mk dm’ and since TI + A,, and T,+ A,, are equivalent, T, + A,,, is 
equivalent to T,+A,. with m=ml +m'-mk, and hence is equivalent to G. Therefore, 
any two triangulations G and G’ are equivalent to each other under diagonal flips, via 
the standard form T, + A,,,, if I V(G)1 = I V(G’)( 3 N. 0 
Let N (F 2, denote the minimum value of N in Theorem 1 for each closed surface F 2, 
that is, the minimum integer N such that any two triangulations G and G’ of F2 with 
I V(G)1 =I V(G’)J> N are equivalent to each other under diagonal flips. Then N(F2) 
can be characterized as in the following corollary. It will be however difficult to 
determine its precise value in general even if the complete list of pseudo-minimal 
triangulations is given. 
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Corollary 10. Let T,, . . . , T, be the pseudo-minimal triangulations of a closed surface F2. 
Then N(F2) is equal to the minimum integer M such that all of q+ A,,,, are equivalent to 
one another, where mi = M - 1 V( Ti) (. 
Proof. Recall that any pseudo-minimal triangulation is irreducible, so there are only 
finitely many pseudo-minimal triangulations for one surface by Theorem 4. Any 
triangulation G of F2 can be transformed by contraction of edges and diagonal flips 
into one of the pseudo-minimal triangulations Ti, , . . , T,, say Tk and hence is equiva- 
lent to T, + A,,, with m’ = 1 V(G) ( - ( V( Tk)l under diagonal flips by Theorem 7. Thus, we 
can conclude that N(F2) < M, modifying our proof of Theorem 1. It follows from the 
definition of M that N(F2)B M and hence N(F’)= M. q 
Note that ‘pseudo-minimal’ cannot be replaced with ‘irreducible’ in the corollary. 
For example, the only pseudo-minimal triangulation of the torus T2 is K7 while the 
biggest irreducible toroidal triangulation, denoted by Tzl in [3], has 10 vertices. This 
implies that if T21 + A,,, and K7 + A,, are equivalent under diagonal flips, then they 
have to have at least 10 vertices, but N(T2)= 7. Is there a pseudo-minimal triangula- 
tion which is not minimal? The answer is ‘no’ for the projective plane, the torus and 
the Klein bottle. 
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